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Angular Rebinning for Geometry Independent
SPECT Reconstruction
Alexandre Bousse, Kjell Erlandsson, Stefano Pedemonte, Sébastien Ourselin, Simon Arridge,
Brian F. Hutton
Abstract—This work proposes a novel approach to
model the collimator response in SPECT. The ap-
proach consists of projecting the activity volume on a
high number of virtual projection planes that are then
averaged with an angular point spread function. It was
motivated by the new possibilities offered by GPU for
3-D projection/backprojection. This approach also al-
lows to model a wide range of SPECT imaging systems.
Results show that reconstruction using our resolution
modelling method is consistent with standard blurring.
As an example, we show how to implement a convergent
collimator response.
Index Terms—SPECT reconstruction, resolution
modelling, Hermitian adjoint
I. Introduction
Single photon emission computed tomography (SPECT)
imaging is a routine clinical procedure in nuclear medicine.
Accurate image reconstruction requires a precise knowl-
edge of the system matrix i.e. the probabilities that a
photon emitted from a given position is detected at a
given bin. This knowledge depends on several factors,
such as the attenuation map [1], [2], the gamma camera
geometry and septal penetration [3]. When the system
matrix is known, the activity distribution image can be
reconstructed by maximising the log-likelihood [4], [5] or
penalised log-likelihood [6], [7]. In parallel hole SPECT,
it is possible to efficiently project (resp. backproject) the
activity distribution (resp. the sinogram) by convolving
the activity volume slice by slice by a distant-dependent
point spread function (PSF) [2]. This approach usually
requires the assumption that the attenuation map within
the cone of detection corresponds to the attenuation along
the central line.
For other imaging system geometries (convergent
SPECT, multi-pinhole, etc.), the above approach is not
always feasible and projecting/backprojecting requires the
computation of the system matrix. This can be achieved
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by measuring point source responses [8], [9] or Monte-
Carlo simulation [10]–[12]. Obviously, in addition to being
unable to incorporate the patient-dependent attenuation
map, these approaches are normally too time consuming
to be performed on-line.
In this work we propose a 2 step projector that can
model a wide range of SPECT imaging systems. The idea
was suggested in [13]. The first step consists of projecting
the activity distribution on a large number of “virtual” az-
imuthal and polar angles. This step is performed efficiently
using the GPU-accelerated Matlab toolbox NiftyRec [14].
The second step, presented in section II, is a data re-
binning operation that takes the form of an angular convo-
lution. Its adjoint operator can be computed so that exact
backprojection can be performed. The method does not
make use of the central line approximation with respect
to the attenuation. In section III two examples of angular
PSF are presented: parallel hole and fan-beam geometry.
Discussion and conclusion are given in section IV.
II. Theory
Let (o, −→x , −→y , −→z ) be an orthonormal coordinate system
in R3 and Ω ⊂ R3 be the field of view. Without loss
of generality we can assume Ω to be the unit ball. The
activity distribution can be seen as a function f(r) with
r ∈ Ω. The operator P that maps f into the set of its line
integrals is called the X-ray transform [15]. The choice of
its parametrisation varies across the literature. For this
work we define it as follows: let P(ϕ, ϑ) be the plane
tangent to the unit sphere ∂Ω at o(ϕ, ϑ), the point of
spherical coordinates (1, ϕ, ϑ) where ϕ ∈ [0, 2π[ is the
azimuthal angle and ϑ ∈ [−π/2, π/2[ is the polar angle.
Let (o(ϕ, ϑ), −→i (ϕ, ϑ), −→j (ϕ, ϑ)) be a coordinate system
on P(ϕ, ϑ) such that it coincides with (o, −→x , −→z ) when
ϕ = ϑ = 0. The X-ray transform of f on P(ϕ, ϑ) at
position (x, y) is given by the line integral
Pf(x, y, ϕ, ϑ) =
∫ +∞
−∞
f(pϕ,ϑ(x, y) + t
−→
d (ϕ, ϑ)) dt (1)
where −→d (ϕ, ϑ) is the unitary vector normal to P(ϕ, ϑ)
(pointing to the exterior of Ω) and pϕ,ϑ(x, y) is
the point of coordinates (x, y) on P(ϕ, ϑ) in the
(o(ϕ, ϑ), −→i (ϕ, ϑ), −→j (ϕ, ϑ)) coordinates system. When de-
fined over a set of functions that are square-integrable,
P is a continuous operator (see [15], p. 17). In
SPECT imaging, the attenuation map μ(r) is incor-
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porated by multiplying f(pϕ,ϑ(x, y) + t
−→
d (ϕ, ϑ)) with
exp
(
− ∫ +∞
t
μ(pϕ,ϑ(x, y) + t′
−→
d (ϕ, ϑ)) dt′
)
in (1).
The idea developed here is to re-bin a complete line
integral dataset h(x, y, ϕ, ϑ) = Pf(x, y, ϕ, ϑ) to model
a wide range of imaging systems. Continuous re-binning
of h(x, y, ϕ, ϑ) takes the form of data re-blurring with
some weighting function. Assume we wish to model a
SPECT gamma camera that rotates around the −→z -axis
at a distance ρ to the origin and such that each projection
plane is contained in a [−1, 1]2 square: the re-binned
projection data are obtained by an operator A defined by
Ah(x, y, ϕ) =
∫ π/2
−π/2
∫ 2π
0
h(uϕ′(x), uϑ′(y), ϕ+ ϕ′, ϑ′)
× w(x, y, ϕ′, ϑ′)χ(x, y) dϕ′dϑ′ (2)
where uδ(t) = ρ sin δ + t cos δ, χ(x, y) is the characteristic
function of [−1, 1]2 and w is some weighting function. The
angular blurring A can be easily interpreted: at camera
position ϕ and detector bin location (x, y), A accounts
for photons travelling in a direction defined by (ϕ′, ϑ′)
with a contribution w(x, y, ϕ, ϑ). The two terms uϕ′(x)
and uϑ′(y) indicate where the corresponding photon tra-
jectories are located in the complete dataset h(x, y, ϕ, ϑ),
see figure 1. The geometry of the imaging system is
determined by the choice of w. For example, if w does not
depend on (x, y), A models a parallel hole collimator. The
theoretical observation operator with angular blurring-
based resolution modelling is H = AP.
In order to utilise A for iterative image reconstruction,
i.e. within an iterative algorithm [4]–[7], its Hermitian
adjoint (transpose) must be computed.
Proposition 1. Let A be as in (2) and denote T1 = [0, 2π]
and T2 = [0, 2π] × [−π/2, π/2]. Let X (resp. Y ) be the
subset of L2(R2 × T2) (resp. L2(R2 × T1)) composed of
functions compactly supported on [−1, 1]2 × T2 (resp. R2 ×
T1). Assume there exists a function K : Ω→ R+ such that
for all (x, y) ∈ [−1, 1]2, w(x, y, ϕ, ϑ) ≤ K(ϕ, ϑ) and
sup
ϑ,ϕ
K2(ϕ, ϑ)
| cosϑ cosϕ| = C(w) < +∞.
Then A is a bounded operator with ‖A‖ ≤ π3/2√2C(w)
and its adjoint operator A∗ : Y → X is given by
∀g ∈ Y, A∗g(x, y, ϕ, ϑ) =
∫ 2π
0
g(vϕ−ϕ′(x), vϑ(y), ϕ′)
× w(vϕ−ϕ′(x), vϑ(y), ϕ − ϕ
′, ϑ)
| cos(ϕ − ϕ′) cosϑ| χ(x, y) dϕ
′,
where vδ(t) = u−1δ (t).
Proof. The adjoint is obtained by substituting (x, y)
for vϕ′(x) and vϑ′(y) when writing the adjoint equality∫ Ahg = ∫ hA∗g. The division by | cosϑ cosϕ| is a Jaco-
bian. The same trick is used to find an upper bound for
‖A‖. (Full proof available on demand).
The condition on w mean trajectories of the photons
should not be parallel to the gamma-camera, which is al-
ways true. In practice the X-ray transform P is discretised
Fig. 1. Illustration of the angular re-binding: uϕ′ (x) is the virtual
camera detection location of a photon hiting the true camera at
angular position ϕ at location x with an angle ϕ′.
to a N × m matrix P = DN,m(P) where D·,· is a discreti-
sation operator, and A is discretised to a n × N matrix
A = Dn,N (A). To perform the angular blurring (2) it is
required that N 	 n. The full SPECT finite-dimensional
projector is a n × m matrix H = AP and its transpose
used for iterative reconstruction is HT = P TAT. We
utilised Dm,N (P∗)DN,n(A∗) to approximate HT. In sec-
tion III we demonstrate that HT ≈ Dm,N (P∗)DN,n(A∗).
Resolution modelling utilisingH andHT shall be referred
to as angular blurring projection (ABP). Standard resolu-
tion modelling shall be referred to as standard blurring
projection (SBP) implemented as in [2].
Because N 	 n (i.e. high number of virtual projec-
tions), P and P T should be implemented efficiently. For
this work we utilised the GPU-accelerated Matlab toolbox
NiftyRec [14].
III. Results
A. Validation of the adjoint operator
In this section we experimentally verify that
Dm,M (A∗) ≈ AT. This is can be considered as an
experimental verification of proposition 1. For this
purpose we randomly generate two sequences {uk} and
{vk} where uk ∈ Rn and vk ∈ RN , N 	 n. For each k,
we verify that
〈Auk, vk〉RN ≈ 〈uk, DN,n(A∗)vk〉Rn . (3)
Figure 2 shows that (3) is a good approximation.
B. Imaging system examples
In this section we show 2 examples of SPECT systems:
parallel hole and convergent cone-beam collimators. As
briefly explained in section II, parallel hole collimators
can be modelled with ABP using a position-independent
PSF. Here we used a two-dimensional Gaussian PSF with
diagonal covariance matrix i.e.
wpar(ϕ, ϑ) ∝ χR(ϕ, ϑ) exp(−ϕ2/2σ2ϕ) exp(−ϑ2/2σ2ϑ) (4)
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Fig. 2. Plot of 300 points whose coordinates are the left and right
hand side of (3).
(a) wpar (b) wconv
Fig. 3. Projection with resolution modelling following (2): (a) parallel
hole collimator i.e. using (4); (b) convergent fan-beam collimator i.e.
using (5)
where R is such that d(R, {−π/2, π/2}) > 0 and χR is the
corresponding characteristic function. The presence of χR
is necessary to ensure the hypothesis of proposition 1 is
true i.e. by excluding angles ±π/2. The convergent and
divergent geometry PSF’s are built upon wpar with the
introduction of a term that changes the angular centring
depending on the position (x, y) on the camera:
wconv(x, y, ϕ, ϑ) = wpar(ϕ+ xϕmax, ϑ+ yϑmax). (5)
We chose a linearly-dependent position centring but other
position dependencies can be used. Note that divergent
geometries can be implemented by replacing ϕmax and
ϑmax with −ϕmax and −ϑmax respectively. Figure 3 shows
the results of noiseless projection using parallel hole (fig-
ure 3(a)) and convergent geometry (figure 3(b)). The
projected phantom consists of 64 spheres distributed uni-
formly in a cube. The volume size is m = 643 and the
projection data size is n = 642 × 120. We used 360 virtual
azimuthal angles ϕ and 360 polar angles ϑ to compute A
(i.e. N = 642 × 3602). With parallel geometry only the
first layer is visible, whereas using convergent geometry
the 3 next layers are visible.
20 30 40 50 60 70 80 90 100
0
0.01
0.02
0.03
0.04
0.05
0.06
ABP
SBP
MC
Fig. 4. Projected point source section using ABP and SBP projector
and MC. The rectangle represents the border of the attenuation
medium.
C. Monte-Carlo simulations
1) Point source in attenuated medium: We projected
a simulated point-source located in a rectangular phan-
tom containing water with the Monte-Carlo (MC) code
SIMIND [16], as well as using SBP and ABP. The point-
source was purposely located at the border of the attenua-
tion medium in order to assess the effect of the central line
approximation. A section of the projected point-source is
shown in figure 4. It shows that the central line approxima-
tion results in an evenly distributed projected point-source
using SBP, whereas the projected point source using ABP
is similar to the MC projection.
2) Phantom evaluation: We evaluated our new
projector/back-projector using simulated data. MC
SPECT projection data were generated using SIMIND.
The activity distribution was a cylinder (28 cm diameter)
containing 4 cylindrical inserts of different sizes (diameters
from 35 to 56 mm). The true contrast in all spheres
compared to the background was 3. Simulations were
done corresponding to a rotating scintillation camera
equipped with a LEHS collimator with a radius of rotation
of ρ = 192mm. The number of projection angles over
360o was 120 (n = 120 × number of pixels/projection).
The effects of scatter were not simulated. The object
central slice was reconstructed in 2-D with ABP and
SBP. ABP was performed using 720 azimuthal polar
virtual angles (N = 720 × number of pixels/projection).
Activity images were reconstructed with a surrogate
based algorithm [7] with a quadratic smoothing prior
weighted by a parameter β. We used 3 different values of
the regularisation parameter β.
The reconstructed images were assessed by their mean
contrasts in each cylinder as well as coefficient of varia-
tion (COV) calculated across 10 MC realisations. Recon-
structed images using SBP and ABP are shown in fig-
ure 5(a) and 5(b) respectively. The 2 images appear similar
although a weak dark ring can be seen in the SBP recon-
structed image close to the edge of the phantom, probably
due to inaccurate attenuation modelling. Figure 6 shows
the COV vs contrast curves of the penalised maximum
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(a) SBP reconstruction (b) ABP reconstruction
Fig. 5. Reconstruction from MC data: (a) using SBP; (b) using ABP.
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(a) 400 iterations
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(b) 600 iterations
Fig. 6. Penalised-ML reconstruction contrast vs COV for 3 different
values of β: (a) 400 iterations; (b) 600 iterations.
likelihood (ML) reconstructed images using SBP and ABP
for 3 values of β after 400 iterations (figure 6(a)) and 600
iterations (figure 6(b)). The contrast was calculated over
the bottom right disk. Although results are very similar
after 600 iterations, ABP reconstruction performs better
than SBP when only 400 iterations are performed.
IV. Discussion and conclusion
Here we have presented a new projection/back-
projection technique for SPECT reconstruction, which is
based on an angular blurring approach instead of the
traditional distance dependent blurring approach. Our
new method utilises the speed-up obtained with a GPU-
device for parallel-beam forward and back-projection, and
has a high degree of flexibility, allowing a wide range of
collimators to be modelled by simply changing a weighting
function. Here we have illustrated the flexibility of the
method and we have shown that it produces results similar
to the traditional approach. In further work we intend to
model a wider range of imaging systems and optimise their
performances.
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